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Let X be a nonarchimedean space and C be the union of all compact open subsets of X. The 
following conditions are listed in increasing order of generality. (Conditions 2 and 3 are 
equivalent.) 1. X is perfect; 2. C is an F, in X; 3. c is metrizable; 4. X is orderable. It is also 
shown that X is orderable if C-C is scattered or X is a GO space with countably many 
pseudogaps. An example is given of a non-orderable, totally disconnected, GO space with just 
one pseudogap. 
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Introduction 
A space is suborderable if it is embeddable in a (totally) orderable space. It is 
nonarchimedean if it has a base any two members of which are either disjoint or 
comparable by inclusion. 
Every nonarchimedean space is suborderable and strongly zerodimensional 
(see PY). 
In recent years several research and survey papers have been written by 
H. HuSek, P.J. Nyikos, and H.-C. Reichel on nonarchimedean spaces and on the 
related class of linearly uniformizable spaces. (A space is linearly uniformizuble if 
its topology can be derived from a base for a uniformity which is linearly ordered 
by inclusion.) They have investigated the relationship of these spaces to orderability 
and metrizability. 
This paper is devoted to giving nice characterizations of orderable nonarchi- 
medean spaces. Metrizability will play a key role. 
The author sent the original outline of this paper to HuSek and Reichel. They 
wrote back that some of the results already appeared in papers in 1954 by PapiE 
([9]) and in 1956 by Kurepa $41). Rediscovery in the literature of Kurepa’s and 
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PapiE’s results turns out to be a common occurrence. In his letter HuSek also 
raised the right questions motivating additional material for this paper. 
More detailed notes on non-archimedean spaces and their ‘history’ can be found 
in [3] and [6,7]. 
Results 
A collection 93 of open sets of a space is a free partially ordered by reverse 
inclusion if for every B ~93 the set of predecessors of B is well ordered. Every 
nonarchimedean space has a tree base. If there is more than one point in the 
intersection of members of a tree base, then this intersection is open. (See [6,7 
and 81). So we can assume all such intersections are members of the tree. 
Throughout this paper we fix X as a nonarchimedean space and C as the union 
of al/compact open subsets of X. So C is locally compact, and so as a nonarchimedean 
space it is in fact locally separable and hence metrizable. 
Lemma 1. ([9]). X is orderable iff it has a tree base 93 such that for $3’ c $3 if n B’ 
is nonempty compact open, then n 93’ E 93’ (that is no limit member of 9 is compact). 
Lemma 2. Let 93 be a tree base for X. If X is metric, then there is a tree base 6%’ c $23 
such that every member of 9’ has finitely many predecessors. 
Proof. By induction define for each i E o. 931 to consist of the minima1 members 
(with respect to the tree order) of the collection of elements in $8 of diameter less 
than l/(i+ 1) which for i>O are contained in some member of 9i-1. Then 93’= 
lJicoo Bi has the required property. 
The following generalizes the result by PapiE and Kurepa that X is orderable 
if C is closed in X. q 
Theorem 1. X is orderable if the closure of C is metrizable. 
Proof. Let 93 be a tree base for X. Since C is metrizable, by lemma 2 there exists 
9’~ W such that {B fl c: B E W’} is a tree base for C each member of which has 
finitely many predecessors, and distinct members of W’ have distinct intersections 
with~.Let~=~‘U{B~~:B~~=0}.Soby1emma1.Xisorderab1e. 0 
Lemma 3. If C is an F, in X, then c is metrizable. 
Proof. A o-discrete tree base for C will be found. Now C = Uiewo Ci where each 
Ci is closed. Since Ind X = 0, for each i E wo there exists a clopen Vi such that 
Ci C Vi E Vi+i E C. 
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Let 3 be a tree base on X. For each i E wg and x E C - Vi there exists Bi(x) E %? 
such that x E Bi+l(x) cBi(x) and Bi(x) fl Vi = 0. For each i let Bi be the collection 
of minimal members of {Bi(x): x E C -C}. Let 3 = UiEuO sBi. Note since 5ll is a tree 
base, then for x EX the intersection of any collection of members of 98 containing 
x is either open or is a local base at x (see [8]). Hence 9’ restricted to C-C is a 
base. 
Put a metric on C and for each i, j~o~ let %‘ij be the collection of minimal 
members of {BEB:diam(B)<l/(i+l), BZ Vo or BcVj+l-Vi}. Let %= 
lJ {Vii: i, j E wo}. Since for each i, j E w. Zii and 2i are discrete with respect to c, 
the restriction of S’U %’ to C is a r-discrete base. So C is metrizable. 0 
Theorem 2. If C is an F, in X, then X is orderable. 
Note that for orderability of X, the set of all compact open sets plays a similar role 
as the set of all open points does for metrizability (and linearly uniformizability, 
resp.); compare [3]. 
Recall that a space is perfect if every closed subset is a Ga. A suborderable space 
with a given admissable suborder is a GO space. 
Lemma 4. ([l]). A GO space is perfect iff every pairwise disjoint collection of open 
convex sets is u-locally finite. 
Lemma 5. If X is perfect, then C is an F, in X. 
Proof. Since X is suborderable, there is a total order c on X such that (X, s> is 
a GO space. Let 93 be a tree base on X. We may assume the members of 3 are 
convex with respect to c since the collection of all maximal (with respect to 
containment) convex subsets of members of 99 is a tree base with this property. 
Let %’ be the collection of all minimal (with respect to the tree order) members 
of {C E W: C is compact}. By lemma 4 %’ is cT-locally finite in X, i.e. %’ = Uieoo Vi 
where each Vi is locally finite. SO for each i, C’i = U %‘i is closed. Hence C =UiEoO Ci 
is an F,. Cl 
Corollary. The following are equivalent. (1) C is perfect; (2) C is an F, in X; (3) t? 
is metrizable. 
Theorem 3. Every perfect nonarchimedean space is orderable. 
Remark 1. If there is a Souslin line, then by deleting an appropriate wr dense 
subset, a perfect non-metrizable nonarchimedean space is obtained. Nyikos asked 
([6]) if there is a ‘real’ perfect nonarchimedian space which is not met&able. The 
previous results indicate that such a space is still orderable and cannot have a 
locally compact, open, dense subset. 
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Example 1. The Michael line M is obtained from the reals by isolating each 
irrational and giving the rationals their usual neighborhoods. M is nonarchimedean, 
and the union CM of all compact open sets in M is the set of irrationals. So CM - C.V 
is the countable metrizable rationals. Yet M is not orderable. 
On the other hand the subspace of w 1 + 1 obtained by deleting all countable limit 
ordinals is an orderable nonarchimedean space with a locally compact, dense, open 
subset. Yet it is not metrizable. 
However, we do obtain the following. A space is scattered if each of its nonempty 
subsets has an isolated point. The length of a scattered space Y is the least ordinal 
a such that the ath derived set Yea’ of Y is empty. 
Theorem 4. Zf c - C is scattered, then X is orderable. 
Proof. Let a be a tree base on X and (Y be the length of C -C. Assume for each 
open YE X such that Y fl (C -C) is either empty or has length less than (Y, there 
exists on Y a tree base ‘3 E 93 with no compact limit member. 
If CT is a nonlimit ordinal, let 9 be the collection of all members of 33 minimal 
with respect to containing at most one element of (C-C)‘“-“. Then 93 partitions 
X. Let D E 9. By hypothesis there exists on D -(C -C)‘“-” a tree base kdb c 3 
with no compact limit member. If x ED fl (C -C)(p-l), let 9~ = 
~~U{B~~:x~BED}.IfD~(~-C)‘“-“=0,let~~=~ab. 
If o! is a limit ordinal, then each point of C -C has a neighborhood in C -C of 
length less than (Y. In this case let 9 be the set of minimal elements of {B E 93: B fl 
(c -C) is empty or has length <a}. By hypothesis for each 9 there exists on D 
a tree base EdD c 633 with no compact limit member. 
In either case lJ {go: D E 9} is a tree base on X with no compact limit member. 
Hence by Lemma 1, X is orderable. 
Remark 2. Given a particular tree base 93 on a space X, the set C in the previous 
results could be replaced by the union of all compact limit members of 93. 
Analogously if (X, <) is a GO space, C could be replaced by the set of all pseudogap 
points with some compact neighborhood. (A point p EX is a pseudogap point if 
the collection of all open interval neighborhoods of p does not form a local base.) 
In particular we obtain the following. 
Theorem 5. Every nonarchimedean GO space with countably many pseudogaps is 
orderable. 
The following example does not quite fit with this paper since it is not nonarchi- 
medean. However it is interesting, and there is no better place for it. In [lo] it was 
shown that a GO space is not orderable if the number of pseudogaps exceeds its 
density. So in light of Theorem 5 consider the following. 
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Example 2. there is a non-orderable, totally disconnected GO space with precisely 
one pseudogap. Give o1 its natural order, and consider the lexicographic product 
WY”. Each p EW;O is of the form (pi: i E wO) where for each i pi E ol. Let Y be the 
totally disconnected subspace of w?‘, each element of which has a last nonzero 
entry, and this nonzero entry is a nonlimit ordinal. Let 6 be the least element of 
wy”, and define i by 1, = 1 and for i # 0, ii = 0. The desired space is (6)U 
{p E Y: p ~1. The point 6 defines the only pseudogap. Every other point has an 
increasing w, type sequence and a decreasing o. type sequence converging to it. 
So it is not possible to eliminate the pseudogap. 
PapiE and Kurepa proved that every linearly uniformizable dense in itself 
non-metrizable space is orderable. Next it is shown that this result cannot be 
extended to nonarchimedean spaces. 
Example 3. In the Michael line M ‘replace’ each isolated point by a copy of the 
Cantor Set. That is, the desired space Y is the GO domain of the order preserving 
quotient map 4 : Y +M, where for i, M q-‘(i) is a copy of the Cantor set if i is 
isolated, and q-l(i) is a singleton otherwise. Tree bases on M and on the Cantor 
set induce a tree base on Y. So Y is nonarchimedean. Y has a Gs diagonal but is 
not metrizable. So by [5] Y is not orderable. clearly Y is dense in itself. 
Remark 3. What is needed now is a nice necessary and sufficient condition related 
to C for X to be orderable. (c is orderable is not a nice condition.) Such a condition 
should not refer to a particular tree base or total order on X. 
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